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Abstract. In this paper, a recent computational methodology is de-
scribed. It has been introduced with the intention to allow one to work
with infinities and infinitesimals numerically in a unique computational
framework. It is based on the principle ‘The part is less than the whole’
applied to all quantities (finite, infinite, and infinitesimal) and to all sets
and processes (finite and infinite). The methodology uses as a computa-
tional device the Infinity Computer (patented in USA and EU) working
numerically with infinite and infinitesimal numbers that can be written
in a positional system with an infinite radix. On a number of examples
dealing mainly with infinite sets and Turing machines with different infi-
nite tapes it is shown that it becomes possible to execute a fine analysis
of these mathematical objects. The accuracy of the obtained results is
continuously compared with results obtained by traditional tools used to
work with mathematical objects involving infinity.

Keywords: Numbers and numerals, numerical infinities and infinitesi-
mals, infinite sets, Turing machines, infinite sequences.

1 Introduction

There exists an important distinction between numbers and numerals. A nu-
meral is a symbol (or a group of symbols) that represents a number. A number
is a concept that a numeral expresses. The same number can be represented
by different numerals. For example, the symbols ‘10’, ‘ten’, ‘IIIIIIIIII’,‘X’, ‘=’,
and ‘̃I’ are different numerals, but they all represent the same number1. Rules

⋆ This research was partially supported by the Russian Foundation for Basic Research,
grant no. 15-01-06612.

1 The last two numerals, = and Ĩ, are probably less known. The former belongs to
the Maya numeral system where one horizontal line indicates five and two lines one
above the other indicate ten. Dots are added above the lines to represent additional
units. For instance,

.
= means eleven in this numeral system. The latter symbol, Ĩ,

belongs to the Cyrillic numeral system derived from the Cyrillic script. This numeral
system was developed in the late Xth century and was used by South and East Slavic
peoples. The system was used in Russia as late as the early XV IIIth century when
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used to write down numerals together with algorithms for executing arithmetical
operations form a numeral system.

In our everyday activities with finite numbers the same finite numerals are
used for different purposes (e.g., the same numeral 10 can be used to express the
number of elements of a set, to indicate the position of an element in a sequence,
and to execute practical computations). In contrast, when we face the necessity
to work with infinities or infinitesimals, the situation changes drastically. In fact,
in this case different numerals are used to work with infinities and infinitesimals
in different situations. To illustrate this fact it is sufficient to mention that we
use the symbol ∞ in standard analysis, ω for working with ordinals, ℵ0,ℵ1, ...
for dealing with cardinalities.

Many theories dealing with infinite and infinitesimal quantities have a sym-
bolic (not numerical) character. For instance, many versions of non-standard
analysis (see [23]) are symbolic, since they have no numeral systems to express
their numbers by a finite number of symbols (the finiteness of the number of
symbols is necessary for organizing numerical computations). Namely, if we con-
sider a finite n than it can be taken n = 134, or n = 65 or any other numeral
used to express finite quantities and consisting of a finite number of symbols.
In contrast, if we consider a non-standard infinite m then it is not clear which
numerals can be used to assign a concrete value to m.

Analogously, in non-standard analysis, if we consider an infinitesimal h then
it is not clear which numerals consisting of a finite number of symbols can be
used to assign a value to h and to write h = ... In fact, very often in non-
standard analysis texts, a generic infinitesimal h is used and it is considered as
a symbol, i.e., only symbolic computations can be done with it. Approaches of
this kind leave unclear such issues, e.g., whether the infinite 1/h is integer or
not or whether 1/h is the number of elements of an infinite set. If one wishes to
consider two infinitesimals h1 and h2 then it is not clear how to compare them
because numeral systems that can express infinitesimals are not provided by
non-standard analysis techniques. In fact, when we work with finite quantities,
then we can compare x and y if they assume numerical values, e.g., x = 25 and
y = 78 then, by using rules of the numeral system the symbols 25 and 78 belong
to, we can compute that y > x.

Even though there exist codes allowing one to work symbolically with ∞ and
other symbols related to the concepts of infinity and infinitesimals, traditional
computers work numerically only with finite numbers and situations where the
usage of infinite or infinitesimal quantities is required are studied mainly theo-
retically (see [2, 3, 8, 10, 11, 15, 16, 23, 45] and references given therein). The fact
that numerical computations with infinities and infinitesimals have not been
implemented so far on computers can be explained by several difficulties. Obvi-
ously, among them we can mention the fact that arithmetics developed for this
purpose are quite different with respect to the way of computing we use when

it was replaced with Arabic numerals. To distinguish numbers from text, a titlo, ˜ , is
drawn over the symbols showing so that this is a numeral and, therefore, it represents
a number and not just a character of text.
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we deal with finite quantities. For instance, there exist undetermined operations
(∞−∞, ∞

∞ , etc.) that are absent when we work with finite numbers. There exist
also practical difficulties that preclude an implementation of numerical compu-
tations with infinity and infinitesimals. For example, it is not clear how to store
an infinite quantity in a finite computer memory.

A computational methodology introduced recently in [26, 32, 36, 40] allows
one to look at infinities and infinitesimals in a new way and to execute numer-
ical computations with infinities and infinitesimals on the Infinity Computer
patented in USA (see [30]) and other countries. Moreover, this approach pro-
poses a numeral system that uses the same numerals for several different pur-
poses for dealing with infinities and infinitesimals: for measuring infinite sets; for
indicating positions of elements in ordered infinite sequences; for working with
functions and their derivatives that can assume different infinite, finite, and in-
finitesimal values and can be defined over infinite and infinitesimal domains; for
describing Turing machines, etc.

An international scientific community developing a number of interesting
theoretical and practical applications in several research areas by using the new
methodology grows rapidly. Among these studies it is worthy to mention papers
connecting the new approach to the historical panorama of ideas dealing with
infinities and infinitesimals (see [17–19, 41]). In particular, relations of the new
approach to bijections are studied in [19] and metamathematical investigations
on the new theory and its non-contradictory can be found in [18]. Then, the
new methodology has been applied for studying Euclidean and hyperbolic ge-
ometry (see [20, 21]), percolation (see [12, 13, 44]), fractals (see [25, 27, 35, 44]),
numerical differentiation and optimization (see [4, 28, 33, 47]), infinite series and
the Riemann zeta function (see [29, 34, 46]), the first Hilbert problem, Turing
machines, and lexicographic ordering (see [31, 41–43, 39]), cellular automata (see
[5–7]), ordinary differential equations (see [37, 38]), etc. The interested reader is
invited to have a look also at surveys [26, 32, 36] and the book [24] written in a
popular way.

In this paper, we briefly describe the new methodology and the numeral
system showing how they can be used in a number of situations where infinities
and infinitesimals are useful. Infinite sets, bijections, and Turing machines are
mainly discussed.

2 Numeral systems, their accuracy, and numbers they
can express

It is necessary to remind that different numeral systems can express different
sets of numbers and they can be more or less suitable for executing arithmetical
operations. Even the powerful positional system is not able to express, e.g.,
the number

√
2 by a finite number of symbols (the finiteness is essential for

executing numerical computations) and this special numeral,
√
2, is deliberately

introduced to express the desired quantity. There exist many numeral systems
that are weaker than the positional one. For instance, Roman numeral system
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is not able to express zero and negative numbers and such expressions as III –
VIII or X-X are indeterminate forms in this numeral system. As a result, before
appearing the positional numeral system and inventing zero mathematicians
were not able to create theorems involving zero and negative numbers and to
execute computations with them. Thus, numeral systems seriously bound the
possibilities of human beings to compute and developing new, more powerful
than existing ones, numeral systems can help a lot both in theory and practice
of computations.

Even though Roman numeral system is weaker than the positional one it
is not the weakest numeral system. There exist really feeble numeral systems
allowing their users to express very few numbers and one of them is illuminating
for our study. This numeral system is used by a tribe, Pirahã, living in Amazonia
nowadays. A study published in Science in 2004 (see [9]) describes that these
people use an extremely simple numeral system for counting: one, two, many.
For Pirahã, all quantities larger than two are just ‘many’ and such operations
as 2+2 and 2+1 give the same result, i.e., ‘many’. Using their weak numeral
system Pirahã are not able to see, for instance, numbers 3, 4, and 5, to execute
arithmetical operations with them, and, in general, to say anything about these
numbers because in their language there are neither words nor concepts for that.

It is worthy to mention that the result ‘many’ is not wrong. It is just inaccu-
rate. Analogously, when we observe a garden with 343 trees, then both phrases:
‘There are 343 trees in the garden’ and ‘There are many trees in the garden’ are
correct. However, the accuracy of the former phrase is higher than the accuracy
of the latter one. Thus, the introduction of a numeral system having numerals
for expressing numbers 3 and 4 leads to a higher accuracy of computations and
allows one to distinguish results of operations 2+1 and 2+2.

The poverty of the numeral system of Pirahã leads also to the following
results

‘many’ + 1 = ‘many’, ‘many’ + 2 = ‘many’,

‘many’− 1 = ‘many’, ‘many’− 2 = ‘many’,

‘many’ + ‘many’ = ‘many’

that are crucial for changing our outlook on infinity. In fact, by changing in
these relations ‘many’ with ∞ we get relations used to work with infinity in the
traditional calculus and Cantor’s cardinals

∞+ 1 = ∞, ∞+ 2 = ∞, ∞− 1 = ∞, ∞− 2 = ∞, ∞+∞ = ∞,

ℵ0 + 1 = ℵ0, ℵ0 + 2 = ℵ0, ℵ0 − 1 = ℵ0, ℵ0 − 2 = ℵ0, ℵ0 + ℵ0 = ℵ0.

It should be mentioned that the astonishing numeral system of Pirahã is not
an isolated example of this way of counting. In fact, the same counting system,
one, two, many, is used by the Warlpiri people, aborigines living in the Northern
Territory of Australia (see [1]). The Pitjantjatjara people living in the Central
Australian desert use numerals one, two, three, big mob (see [14]) where ‘big
mob’ works as ‘many’. It makes sense to remind also another Amazonian tribe
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– Mundurukú (see [22]) who fail in exact arithmetic with numbers larger than 5
but are able to compare and add large approximate numbers that are far beyond
their naming range. Particularly, they use the words ‘some, not many’ and ‘many,
really many’ to distinguish two types of large numbers. Their arithmetic with
‘some, not many’ and ‘many, really many’ reminds strongly the rules Cantor
uses to work with ℵ0 and ℵ1, respectively. For instance, compare

‘some, not many’+ ‘many, really many’ = ‘many, really many’

with
ℵ0 + ℵ1 = ℵ1.

This comparison suggests that our difficulty in working with infinity is not
connected to the nature of infinity but is a result of inadequate numeral sys-
tems used to express infinite numbers. Traditional numeral systems have been
developed to express finite quantities and they simply have no sufficiently high
number of numerals to express different infinities (and infinitesimals). In other
words, the difficulty we face is not connected to the object of our study – infinity
– but is the result of weak instruments – numeral systems – used for our study.

The way of reasoning where the object of the study is separated from the tool
used by the investigator is very common in natural sciences where researchers
use tools to describe the object of their study and the used instrument influences
the results of the observations and determine their accuracy. When a physicist
uses a weak lens A and sees two black dots in his/her microscope he/she does not
say: The object of the observation is two black dots. The physicist is obliged to
say: the lens used in the microscope allows us to see two black dots and it is not
possible to say anything more about the nature of the object of the observation
until we change the instrument - the lens or the microscope itself - by a more
precise one. Suppose that he/she changes the lens and uses a stronger lens B and
is able to observe that the object of the observation is viewed as eleven (smaller)
black dots. Thus, we have two different answers: (i) the object is viewed as two
dots if the lens A is used; (ii) the object is viewed as eleven dots by applying the
lens B. Both answers are correct but with the different accuracies that depend
on the lens used for the observation.

The same happens in Mathematics studying natural phenomena, numbers,
objects that can be constructed by using numbers, sets, etc. Numeral systems
used to express numbers are among the instruments of observations used by
mathematicians. As we have illustrated above, the usage of powerful numeral
systems gives the possibility to obtain more precise results in Mathematics in
the same way as usage of a good microscope gives the possibility of obtaining
more precise results in Physics.

3 Grossone-based numerals

In order to increase the accuracy of computations with infinities and infinites-
imals, the computational methodology developed in [24, 26, 32] proposes a nu-
meral system that allows one to observe infinities and infinitesimals with a higher
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accuracy. This numeral system avoids situations similar to ‘many’ + 1 = ‘many’
and ∞− 1 = ∞ providing results ensuring that if a is a numeral written in this
numeral system then for any a (i.e., a can be finite, infinite, or infinitesimal) it
follows a+ 1 > a and a− 1 < a.

The numeral system is based on a new infinite unit of measure expressed by
the numeral ¬ called grossone that is introduced as the number of elements of
the set of natural2 numbers

N = {1, 2, 3, . . . }. (1)

Concurrently with the introduction of ¬ in the mathematical language all
other symbols (like ∞, Cantor’s ω, ℵ0,ℵ1, ..., etc.) traditionally used to deal
with infinities and infinitesimals are excluded from the language because ¬ and
other numbers constructed with its help not only can be used instead of all of
them but can be used with a higher accuracy. Analogously, when zero and the
positional numeral system had been introduced in Europe, Roman numerals I,
V, X, etc. had not been involved and new symbols 0, 1, 2, etc. have been used to
express numbers. The new element – zero expressed by the numeral 0 – had been
introduced by describing its properties in the form of axioms. Analogously, ¬
is introduced by describing its properties postulated by the Infinite Unit Axiom
added to axioms for real numbers (see [26, 32] for a detailed discussion). Let us
comment upon some of properties of ¬.

If we consider a finite integer k, then the number of elements of the set
{1, 2, 3, . . . k − 1, k } is its largest element, i.e., k. For instance, the number 4 in
the set

A = {1, 2, 3, 4} (2)

is the largest element in the set A and the number of elements of A. Grossone has
been introduced as the number of elements of the set of natural numbers and,
therefore, we have the same situation as in (2), i.e., ¬ ∈ N. As a consequence,
the introduction of ¬ allows us to write down the set of natural numbers as
follows

N = {1, 2, . . .
¬

2
− 2,

¬

2
− 1,

¬

2
,

¬

2
+ 1,

¬

2
+ 2, . . . ¬ − 2, ¬ − 1, ¬}. (3)

Infinite natural numbers

. . .
¬

2
− 2,

¬

2
− 1,

¬

2
,

¬

2
+ 1,

¬

2
+ 2, . . . ¬ − 2,¬ − 1,¬ (4)

that are invisible if traditional numeral systems are used to observe the set of
natural numbers can be viewed now thanks to the introduction of ¬. The two
records, (1) and (3), refer to the same set – the set of natural numbers – and

2 Notice that nowadays not only positive integers but also zero is frequently included
in N. However, since zero has been invented significantly later than positive integers
used for counting objects, zero is not include in N in this text.
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infinite numbers (4) also take part3 of N. Both records, (1) and (3), are correct
and do not contradict each other. They just use two different numeral systems
to express N. Traditional numeral systems do not allow us to see infinite natural
numbers that we can observe now thanks to ¬. Thus, we have the same object
of observation – the set N – that can be observed by different instruments –
numeral systems – with different accuracies.

Similarly, Pirahã are not able to see finite natural numbers 3, 4, and 5. In
spite of the fact that Pirahã do not see them, these numbers 3, 4, and 5, belong to
N and are visible if one uses a more powerful numeral system. Even the numeral
system of Mundurukú is sufficient to observe 3, 4, and 5. Notice also that the
weakness of their numeral system does not allow Pirahã to define the set (2)
while Mundurukú would be able to do this.

In general, in the new methodology it is necessary always to indicate a nu-
meral system used for computations and theoretical investigations. For instance,
the words ‘the set of all finite numbers’ do not define a set completely in this
methodology. It is always necessary to specify which instruments (numeral sys-
tems) are used to describe (and to observe) the required set and, as a con-
sequence, to speak about ‘the set of all finite numbers expressible in a fixed
numeral system’. For instance, for Pirahã and Warlpiri ‘the set of all finite num-
bers’ is the set {1, 2}, for the Pitjantjatjara people ‘the set of all finite numbers’
is the set {1, 2, 3} and for Mundurukú ‘the set of all finite numbers’ is the set
{1, 2, 3, 4, 5}. We stress again that in Mathematics, as it happens in Physics, the
instrument used for an observation bounds the possibility of the observation and
defines the accuracy of this observation. It is not possible to say how we shall
see the object of our observation if we have not clarified which instruments will
be used to execute the observation.

Let us see now how one can write down different numerals expressing different
infinities and infinitesimals and to execute computations with all of them. Instead
of the usual symbol∞ different infinite and/or infinitesimal numerals can be used
thanks to ¬. Indeterminate forms are not present and, for example, the following
relations hold for infinite numbers ¬, ¬2 and ¬−1, ¬−2 (that are infinitesimals),
as for any other (finite, infinite, or infinitesimal) number expressible in the new
numeral system

0 · ¬ = ¬ · 0 = 0, ¬ − ¬ = 0,
¬

¬
= 1, ¬0 = 1, 1¬ = 1, 0¬ = 0,

0 · ¬−1 = ¬−1 · 0 = 0, ¬−1 > 0, ¬−2 > 0, ¬−1 − ¬−1 = 0,

¬−1

¬−1 = 1, (¬−1)0 = 1, ¬ · ¬−1 = 1, ¬ · ¬−2 = ¬−1,

¬−2

¬−2 = 1,
¬2

¬
= ¬,

¬−1

¬−2 = ¬, ¬2 · ¬−1 = ¬, ¬2 · ¬−2 = 1.

3 This is a difference with respect to non-standard analysis where infinities it works
with do not belong to N.
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The introduction of the numeral ¬ allows us to represent infinite and in-
finitesimal numbers in a unique framework. For this purpose a numeral system
similar to traditional positional numeral systems was introduced in [24, 26]. To
construct a number C in the numeral positional system with base ¬, we subdi-
vide C into groups corresponding to powers of ¬:

C = cpm¬pm + . . .+ cp1¬p1 + cp0¬p0 + cp−1¬p−1 + . . .+ cp−k
¬p−k . (5)

Then, the record

C = cpm¬pm . . . cp1¬p1cp0¬p0cp−1¬p−1 . . . cp−k
¬p−k (6)

represents the number C, where all numerals ci ̸= 0, they belong to a traditional
numeral system and are called grossdigits. They express finite positive or neg-
ative numbers and show how many corresponding units ¬pi should be added
or subtracted in order to form the number C. Note that in order to have a
possibility to store C in the computer memory, values k and m should be finite.

Numbers pi in (6) are sorted in the decreasing order with p0 = 0

pm > pm−1 > . . . > p1 > p0 > p−1 > . . . p−(k−1) > p−k.

They are called grosspowers and they themselves can be written in the form (6).
In the record (6), we write ¬pi explicitly because in the new numeral positional
system the number i in general is not equal to the grosspower pi. This gives the
possibility to write down numerals without indicating grossdigits equal to zero.

The term having p0 = 0 represents the finite part of C since c0¬0 = c0. Terms
having finite positive grosspowers represent the simplest infinite parts of C.
Analogously, terms having negative finite grosspowers represent the simplest
infinitesimal parts of C. For instance, the number ¬−1 = 1

¬
mentioned above

is infinitesimal. Note that all infinitesimals are not equal to zero. In particular,
1

¬
> 0 since it is a result of division of two positive numbers.

A number represented by a numeral in the form (6) is called purely finite if it
has neither infinite nor infinitesimals parts. For instance, 14 is purely finite and
14 + 5.3¬−1.5 is not. All grossdigits ci are supposed to be purely finite. Purely
finite numbers are used on traditional computers and for obvious reasons have
a special importance for applications. All of the numbers introduced above can
be grosspowers, as well, giving thus a possibility to have various combinations
of quantities and to construct terms having a more complex structure.

We conclude this section by emphasizing that different numeral systems, if
they have different accuracies, cannot be used together. For instance, the usage
of ‘many’ from the language of Pirahã in the record 5+‘many’ has no any sense
because for Pirahã it is not clear what 5 is and for people knowing what 5 is the
accuracy of the answer ‘many’ is too low. Analogously, the records of the type
¬+ω, ¬−ℵ0, ¬/∞, etc. have no sense because they include numerals developed
under different methodological assumptions, in different mathematical contests,
for different purposes, and, finally, numeral systems these numerals belong to
have different accuracies.
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Table 1. Measuring infinite sets using ¬-based numerals allows one in certain cases to
obtain more precise answers in comparison with the traditional cardinalities, ℵ0 and C,
of Cantor.

Description of sets Cardinality
Number

of elements

the set of natural numbers N countable, ℵ0 ¬

N
∪

{0} countable, ℵ0 ¬+1

N \ {3, 5, 10, 23, 114} countable, ℵ0 ¬-5

the set of even numbers E countable, ℵ0
¬
2

the set of odd numbers O countable, ℵ0
¬
2

the set of integers Z countable, ℵ0 2¬+1

Z \ {0} countable, ℵ0 2¬

the set of square natural numbers G = {x : x = n2, x ∈ N, n ∈ N} countable, ℵ0 ⌊
√

¬⌋
the set of pairs of natural numbers P = {(p, q) : p ∈ N, q ∈ N} countable, ℵ0 ¬2

the set of numerals Q′ = {− p
q ,

p
q : p ∈ N, q ∈ N} countable, ℵ0 2¬2

the set of numerals Q = {0,− p
q ,

p
q : p ∈ N, q ∈ N} countable, ℵ0 2¬2 + 1

the set of numerals A2 continuum, C 2¬

the set of numerals A′
2 continuum, C 2¬ + 1

the set of numerals A10 continuum, C 10¬

the set of numerals C10 continuum, C 2 · 10¬

4 Measuring infinite sets and relations to bijections

By using the ¬-based numeral system it becomes possible to measure certain
infinite sets. As we have seen above, relations of the type ‘many’ + 1 = ‘many’
and ℵ0 − 1 = ℵ0 are consequences of the weakness of numeral systems applied
to express numbers (finite or infinite). Thus, one of the principles of the new
computational methodology consists of adopting the principle ‘The part is less
than the whole’ to all numbers (finite, infinite, and infinitesimal) and to all sets
and processes (finite and infinite). Notice that this principle is a reformulation
of Euclid’s Common Notion 5 saying ‘The whole is greater than the part’.

Let us show how, in comparison to the traditional mathematical tools used
to work with infinity, the new numeral system allows one to obtain more precise
answers in certain cases. For instance, Tab. 1 compares results obtained by the
traditional Cantor’s cardinals and the new numeral system with respect to the
measure of a dozen of infinite sets (for a detailed discussion regarding the results
presented in Tab. 1 and for more examples dealing with infinite sets see [18, 19,
31, 32, 41]). Notice, that in Q and Q′ we calculate different numerals and not
numbers. For instance, numerals 4

1 and 8
2 have been counted two times even

though they represent the same number 4. Then, four sets of numerals having
the cardinality of continuum are shown in Tab. 1 (these results are discussed
more in detail in the next section). Among them we denote by A2 the set of
numbers x ∈ [0, 1) expressed in the binary positional numeral system, by A′

2 the
set being the same as A2 but with x belonging to the closed interval [0, 1], by A10

the set of numbers x ∈ [0, 1) expressed in the decimal positional numeral system,
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and finally we have the set C10 = A10 ∪ B10, where B10 is the set of numbers
x ∈ [1, 2) expressed in the decimal positional numeral system. It is worthwhile to
notice also that grossone-based numbers from Tab. 1 can be ordered as follows

⌊
√

¬⌋ < ¬

2
< ¬ − 5 < ¬ < 2¬ < 2¬ + 1 <

¬2 < 2¬2 + 1 < 2¬ < 2¬ + 1 < 10¬ < 2 · 10¬.

It can be seen from Tab. 1 that Cantor’s cardinalities say only whether a set
is countable or uncountable while the ¬-based numerals allow us to express the
exact number of elements of the infinite sets. However, both numeral systems –
the new one and the numeral system of infinite cardinals – do not contradict one
another. Both Cantor’s numeral system and the new one give correct answers,
but their answers have different accuracies. By using an analogy from physics
we can say that the lens of our new ‘telescope’ used to observe infinities and
infinitesimals is stronger and where Cantor’s ‘telescope’ allows one to distin-
guish just two dots (countable sets and the continuum) we are able to see many
different dots (infinite sets having different number of elements).

The ¬-base numeral system, as all numeral systems, cannot express all num-
bers and give answers to all questions. Let us consider, for instance, the set of
extended natural numbers indicated as N̂ and including N as a proper subset

N̂ = {1, 2, . . . ,¬ − 1,¬︸ ︷︷ ︸
Natural numbers

,¬ + 1,¬ + 2, . . . , 2¬ − 1, 2¬, 2¬ + 1, . . .

¬2 − 1,¬2,¬2 + 1, . . . 3¬¬ − 1, 3¬¬, 3¬¬ + 1, . . .}. (7)

What can we say with respect to the number of elements of the set N̂? The
introduced numeral system based on ¬ is too weak to give an answer to this
question. It is necessary to introduce in a way a more powerful numeral system
by defining new numerals (for instance, , ®, etc).

In order to see how the principle ‘The part is less than the whole’ agrees with
traditional views on infinite sets, let us consider two illustrative examples. The
first of them is related to the one-to-one correspondence that can be established
between the sets of natural and odd numerus. Namely, odd numbers can be put
in a one-to-one correspondence with all natural numbers in spite of the fact that
O is a proper subset of N

odd numbers: 1, 3, 5, 7, 9, 11, . . .
↕ ↕ ↕ ↕ ↕ ↕

natural numbers: 1, 2, 3, 4 5, 6, . . .
(8)

The usual conclusion is that both sets are countable and they have the same
cardinality ℵ0.

Let us see now what we can say from the new methodological positions. We
know now that when one executes the operation of counting, the accuracy of the
result depends on the numeral system used for counting. Proposing to Pirahã to
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measure sets consisting of four apples and five apples would give us the answer
that both sets of apples have many elements. This answer is correct but its
precision is low due to the weakness of the numeral system used to measure the
sets.

Thus, the introduction of the notion of accuracy for measuring sets is very
important and should be applied for infinite sets also. Since for cardinal numbers
it follows

ℵ0 + 1 = ℵ0, ℵ0 + 2 = ℵ0, ℵ0 + ℵ0 = ℵ0,

these relations suggest that the accuracy of the cardinal numeral system of
Alephs an is not sufficiently high to see the difference with respect to the number
of elements of the two sets from (8).

In order to look at the record (8) using the new numeral system we need the
following fact from [24]: the sets of even and odd numbers have ¬/2 elements
each and, therefore, ¬ is even. It is also necessary to remind that numbers
that are larger than ¬ are not natural, they are extended natural numbers. For
instance, ¬+1 is odd but not natural, it is extended natural, see (7). Thus, the
last odd natural number is ¬-1. Since the number of elements of the set of odd
numbers is equal to ¬

2 , we can write down not only initial (as it is usually done
traditionally) but also the final part of (8)

1, 3, 5, 7, 9, 11, . . . ¬ − 5, ¬ − 3, ¬ − 1
↕ ↕ ↕ ↕ ↕ ↕ ↕ ↕ ↕
1, 2, 3, 4 5, 6, . . . ¬

2 − 2, ¬
2 − 1, ¬

2

(9)

concluding so (8) in a complete accordance with the principle ‘The part is less
than the whole’. Both records, (8) and (9), are correct but (9) is more accurate,
since it allows us to observe the final part of the correspondence that is invisible
if (8) is used.

The accuracy of the ¬-based numeral system allows us to measure also,
for instance, such sets as O′ = O\{3} and O′′ = O\{1,¬ − 1}. The set O′ is
constructed by excluding one element from O and the set O′′ by excluding from

O two elements. Thus, O′ and O′′ have ¬
2 −1 and ¬

2 −2 elements, respectively. In
case one wishes to establish the corresponding bijections, starting with natural
numbers 1, 2, 3, . . . we obtain for these two sets

1, 5, 7, 9, 11, 13, . . . ¬ − 5, ¬ − 3, ¬ − 1
↕ ↕ ↕ ↕ ↕ ↕ ↕ ↕ ↕
1, 2, 3, 4 5, 6, . . . ¬

2 − 3, ¬
2 − 2, ¬

2 − 1

(10)

3, 5, 7, 9, 11, 13, . . . ¬ − 7, ¬ − 5, ¬ − 3
↕ ↕ ↕ ↕ ↕ ↕ ↕ ↕ ↕
1, 2, 3, 4 5, 6, . . . ¬

2 − 4, ¬
2 − 3, ¬

2 − 2

(11)

In order to become more familiar with natural and extended natural num-
bers let us consider one more example where we multiply each element of the
set of natural numbers, N, by 2. We would like to study the resulting set, that
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is called E2 hereinafter, to calculate the number of its elements, and to spec-
ify which among its elements are natural and which ones are extended natural
numbers and how many they are.

The introduction of the new numeral system allows us to write down the set,
N, of natural numbers in the form (7). By definition, the number of elements of
N is equal to ¬. Thus, after multiplication of each of the elements of N by 2,
the resulting set, E2, will also have grossone elements. In particular, the number
¬
2 multiplied by 2 gives us ¬ and ¬

2 + 1 multiplied by 2 gives us ¬ + 2 that is
even extended natural number, see (7). Analogously, the last element of N, i.e.,
¬, multiplied by 2 gives us 2¬. Thus, the set of even numbers E2 can be written
as follows

E2 = {2, 4, 6, . . . ¬ − 4,¬ − 2,¬,¬ + 2,¬ + 4, . . . 2¬ − 4, 2¬ − 2, 2¬},

where numbers {2, 4, 6, . . . ¬−4,¬−2,¬} are even and natural (they are ¬
2 )

and numbers {¬ + 2,¬ + 4, . . . 2¬ − 4, 2¬ − 2, 2¬} are even and extended

natural, they also are ¬
2 .

5 Turing machines and infinite sequences

In this section we present some results related to Turing machines with infinite
tapes (the presentation has been simplified, see [41, 42] for a comprehensive
discussion). Traditionally, an infinite sequence {an}, an ∈ A, n ∈ N, is defined
as a function having the set of natural numbers, N, as the domain and a set A
as the codomain. A subsequence {bn} is defined as a sequence {an} from which
some of its elements have been removed. In spite of the fact that the removal
of the elements from {an} can be directly observed, the traditional point of
view on sequences does not allow one to register, in the case where the obtained
subsequence {bn} is infinite, the fact that {bn} has less elements than the original
infinite sequence {an}.

Let us study what happens when the new approach is used. The definition
of infinite sequences should be done more precise in a complete analogy to finite
sequences. In the finite case, to define a sequence a1, a2, . . . , an the number, n, of
its elements should be explicitly declared. Thanks to the introduction of ¬-based
numerals we are able to express infinite numbers, as well and, as a consequence,
we extend this definition directly to the infinite case, i.e., to define an infinite
sequence a1, a2, . . . , an its infinite number of elements, n, should be provided.

Since the new numeral system allows us to express the number of elements
of the set N as ¬ and due to the sequence definition given above, any sequence
having N as the domain has ¬ elements. Such sequences are called complete.
Notice that, among other things, this definition states that there cannot exist
infinite sequences having more than ¬ elements. However, since we can express
infinite integers less than ¬, infinite sequences having less than ¬ elements
can exist and can be described using ¬-based numerals. In fact, the notion
of subsequence is introduced as a sequence from which some of its elements
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have been removed. This means that the resulting subsequence will have less
elements than the original sequence and the infinite number of elements of infinite
subsequences can be expressed.

For instance, let us consider two infinite sequences: {an} and {bn}. The first
sequence {an}, 1 ≤ n ≤ ¬, with an = n − 1. This sequence has ¬ elements
and it is, therefore, complete. Its first element is a1 = 0 and its last element is
a¬ = ¬ − 1. The second infinite sequence, {bn}, that is a subsequence of the
first one is defined as follows: {bn}, 1 ≤ n ≤ 0.5¬, with bn = n− 1. Thus, both
sequences, {an} and {bn}, have the same general element, an = bn = n− 1, the
same first element, a1 = b1 = 0, and both are infinite but the first sequence is
complete and the second one is not since it has 0.5¬ < ¬ elements and its last
element is b0.5¬ = 0.5¬ − 1.

Suppose now that we have a Turing machine with an infinite tape that con-
tains an output written using symbols {0, 1, . . . b− 2, b− 1} with a finite b. The
traditional point of view allows us to distinguish neither tapes having different
infinite lengths nor machines using different alphabets, i.e., {0, 1, . . . B−2, B−1}
with B ̸= b. The question of the possibility to have different infinite tapes is not
discussed and it is supposed that machines with all output alphabets have the
same computational power if their tapes are infinite. This happens because the
traditional numeral systems used to describe Turing machines do not allow us
to see these differences. The new numeral system offers such a possibility giving
a chance to describe Turing machines in a more precise way and to distinguish
them at infinity.

In the new framework, it is not sufficient to say that the tape is infinite. It is
necessary to define the infinite length of the tape explicitly. As an example, let us
consider a Turing machine having the tape ¬ positions long. Output sequences
are written on the tape using symbols from an output alphabet, let it be again
{0, 1, . . . b − 2, b − 1} with a finite b. The importance of the discussion on the
infinite sequences provided above for Turing machines becomes clear now: the
output sequences of symbols, as all sequences, though infinite cannot have more
than ¬ elements.

Moreover, we can make a more accurate analysis and count the precise num-
ber of infinite output sequences of symbols that the machine can produce. It is
obvious that its outputs can be viewed as numerals in the positional numeral
system with the finite radix b

(a1a2 . . . a¬−1a¬)b, ai ∈ {0, 1, . . . b− 2, b− 1}, 1 ≤ i ≤ ¬. (12)

This means that we have ¬ positions that can be filled in with b symbols each,
i.e., this machine called hereinafter T1 can produce b¬ different outputs. Then, if
we consider another machine, T2, having the tape with ¬-1 positions and outputs
written using the same base, b, the number of its outputs is b¬−1 < b¬ and each
of them is one position shorter than outputs of T1. Moreover, if we consider the
third machine, T3, having the tape with ¬ positions and outputs written using
a base B > b, the number of its outputs is B¬ > b¬. In other words, the machine
T3 is more powerful then the machine T1 that, in its turn, is more powerful than
the machine T2.
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Let us give a couple of illustrations. We start by considering a Turing ma-
chine T4 working with the alphabet {0, 1, 2}, the tape with ¬/2 positions, and
computing the following output

0, 1, 2, 0, 1, 2, 0, 1, 2, . . . 0, 1, 2, 0, 1, 2︸ ︷︷ ︸
¬/2 positions

. (13)

Then a Turing machine T5 working with the output alphabet {0, 1} and the tape
with ¬/2 positions cannot produce a sequence of symbols computing (13). In
fact, since the numeral 2 does not belong to the alphabet {0, 1} it should be
coded by more than one symbol. One of codifications using the minimal number
of symbols in the alphabet {0, 1} necessary to code numbers 0, 1, 2 is {00, 01, 10}.
Then the output corresponding to (13) and computed in this codification should
be

00, 01, 10, 00, 01, 10, 00, 01, 10, . . . 00, 01, 10, 00, 01, 10. (14)

Since the output (13) contains ¬/2 positions, the output (14) should contain
¬ positions. However, by the definition of T5 it can produce outputs that have
only ¬/2 positions.

Let us consider now a Turing machine T6 working with the alphabet {0, 1, 2}
as T4 but the infinite tape of T6 is one position longer than the tape of T4, i.e.,
it has ¬/2+1 positions, and T6 computes the following output

0, 1, 2, 0, 1, 2, 0, 1, 2, . . . 0, 1, 2, 0, 1, 2, 0︸ ︷︷ ︸
¬/2+1 positions

. (15)

Then there is no a Turing machine working with the output alphabet {0, 1} and
coding the numbers 0, 1, 2 as {00, 01, 10} such that it is able to compute the
output corresponding to (15) in this codification. The proof is very easy and is
based on the fact that infinite sequences cannot have more than ¬ elements.
Since the output (15) contains ¬/2+1 positions, the output

00, 01, 10, 00, 01, 10, 00, 01, 10, . . . 00, 01, 10, 00, 01, 10, 00.

should contain ¬ + 2 positions. However, infinite sequences cannot have more
than ¬ elements. Notice that significantly more sophisticated results for deter-
ministic and non-deterministic Turing machines can be found in [41–43].

6 Concluding remarks

In this paper infinite sets and Turing machines with different infinite tapes have
been studied using a recently introduced positional numeral system with the infi-
nite radix ¬. It has been shown that in certain cases the new numerals allow one
to obtain more precise results in dealing with infinite quantities in comparison
to numeral systems traditionally used for this purpose.
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In particular, the following observation (see [31] for a detailed discussion) can
be made for the set Ck

b of numerals expressible in the positional numeral system
with the finite radix b and k digits {0, 1, . . . b− 2, b− 1} where k is infinite

(a1a2 . . . ak−1ak)b, ai ∈ {0, 1, . . . b− 2, b− 1}, 1 ≤ i ≤ k. (16)

Clearly, this is a simple generalization of the record (12) where we have k = ¬.
Analogously to the analysis made above it follows that the number of numerals
expressible in the system (16) is bk and for infinite values of k the set Ck

b should
have the cardinality of continuum in the traditional language. Let us consider
now k1 = ⌊logb ¬⌋ where ⌊x⌋ is the integer part of x. Note that k1 is infinite
since ¬ is infinite. It follows then that

b⌊logb ¬⌋ < blogb ¬ = ¬,

i.e., with respect to the traditional language the set C
logb ¬

b would be countable.
Analogously, many different instances of infinite sets that are constructed start-
ing from the continuum framework and resulting at the end to be countable
can be exhibited. For example, for infinite k = 3⌊logb ¬⌋ and k = 0.5⌊logb ¬⌋ it
follows that

b3⌊logb ¬⌋ < b3 logb ¬ = ¬3 < b¬, b0.5⌊logb ¬⌋ < b0.5 logb ¬ =
√

¬ < b¬,

i.e., the sets C
3 logb ¬

b and C
0.5 logb ¬

b would be also countable from the traditional
point of view.

Thus, the ¬-based numeral system allows us to distinguish new infinite sets
that were invisible using traditional instruments both within continuum and nu-
merable sets. Thanks to the ¬-based numerals it becomes possible to calculate
the exact number of elements of old (see Table 1) and new sets and to exhibit
sets that were constructed as continuum but are indeed countable bridging so
the gap between the two groups of sets (see [31] for a detailed discussion). This
fact, among other things, allows us to see that the computational power of Tur-
ing machines with different infinite tapes is different. Reminding our example
with the microscope we are able now to see instead of two dots (countable and
continuum) many different dots.

In this paper only two applications where ¬-based numerals are useful have
been discussed: infinite sets and Turing machines. More examples showing how
these numerals can be successfully used can be found in the following publica-
tions: Euclidean and hyperbolic geometry (see [20, 21]), percolation (see [12, 13,
44]), fractals (see [25, 27, 35, 44]), infinite series and the Riemann zeta function
(see [29, 34, 46]), the first Hilbert problem and lexicographic ordering (see [31,
41–43, 39]), cellular automata (see [5–7]).

In particular, numerical computations with infinities and infinitesimals ex-
pressed by ¬-based numerals are discussed in the following papers: numerical
differentiation, solutions of systems of linear equations, and optimization (see [4,
28, 33, 47]), ordinary differential equations (see [37, 38]).
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8. K. Gödel. The Consistency of the Continuum-Hypothesis. Princeton University
Press, Princeton, 1940.

9. P. Gordon. Numerical cognition without words: Evidence from Amazonia. Science,
306(15 October):496–499, 2004.

10. G.H. Hardy. Orders of infinity. Cambridge University Press, Cambridge, 1910.
11. D. Hilbert. Mathematical problems: Lecture delivered before the International

Congress of Mathematicians at Paris in 1900. Bulletin of the American Mathemat-
ical Society, 8:437–479, 1902.

12. D.I. Iudin, Ya.D. Sergeyev, and M. Hayakawa. Interpretation of percolation
in terms of infinity computations. Applied Mathematics and Computation,
218(16):8099–8111, 2012.

13. D.I. Iudin, Ya.D. Sergeyev, and M. Hayakawa. Infinity computations in cellular
automaton forest-fire model. Communications in Nonlinear Science and Numerical
Simulation, 20(3):861–870, 2015.

14. G.C. Leder. Mathematics for all? The case for and against national testing. In S.J.
Cho, editor, The Proceedings of the 12th International Congress on Mathematical
Education: Intellectual and Attitudinal Chalenges, pages 189–207. Springer, New
York, 2015.

15. G.W. Leibniz and J.M. Child. The Early Mathematical Manuscripts of Leibniz.
Dover Publications, New York, 2005.

16. T. Levi-Civita. Sui numeri transfiniti. Rend. Acc. Lincei, Series 5a, 113:7–91,
1898.

17. G. Lolli. Infinitesimals and infinites in the history of mathematics: A brief survey.
Applied Mathematics and Computation, 218(16):7979–7988, 2012.

18. G. Lolli. Metamathematical investigations on the theory of grossone. Applied
Mathematics and Computation, 255:3–14, 2015.

19. M. Margenstern. Using grossone to count the number of elements of infinite sets
and the connection with bijections. p-Adic Numbers, Ultrametric Analysis and
Applications, 3(3):196–204, 2011.

20. M. Margenstern. An application of grossone to the study of a family of tilings of
the hyperbolic plane. Applied Mathematics and Computation, 218(16):8005–8018,
2012.



Usage of infinities and infinitesimals in numerical computations 17

21. M. Margenstern. Fibonacci words, hyperbolic tilings and grossone. Communica-
tions in Nonlinear Science and Numerical Simulation, 21(1–1):3–11, 2015.

22. P. Pica, C. Lemer, V. Izard, and S. Dehaene. Exact and approximate arithmetic
in an amazonian indigene group. Science, 306(15 October):499–503, 2004.

23. A. Robinson. Non-standard Analysis. Princeton Univ. Press, Princeton, 1996.

24. Ya.D. Sergeyev. Arithmetic of Infinity. Edizioni Orizzonti Meridionali, CS, 2003,
2d electronic ed. 2013.

25. Ya.D. Sergeyev. Blinking fractals and their quantitative analysis using infinite and
infinitesimal numbers. Chaos, Solitons & Fractals, 33(1):50–75, 2007.

26. Ya.D. Sergeyev. A new applied approach for executing computations with infinite
and infinitesimal quantities. Informatica, 19(4):567–596, 2008.

27. Ya.D. Sergeyev. Evaluating the exact infinitesimal values of area of Sierpinski’s
carpet and volume of Menger’s sponge. Chaos, Solitons & Fractals, 42(5):3042–
3046, 2009.

28. Ya.D. Sergeyev. Numerical computations and mathematical modelling with infi-
nite and infinitesimal numbers. Journal of Applied Mathematics and Computing,
29:177–195, 2009.

29. Ya.D. Sergeyev. Numerical point of view on Calculus for functions assuming finite,
infinite, and infinitesimal values over finite, infinite, and infinitesimal domains.
Nonlinear Analysis Series A: Theory, Methods & Applications, 71(12):e1688–e1707,
2009.

30. Ya.D. Sergeyev. Computer system for storing infinite, infinitesimal, and finite
quantities and executing arithmetical operations with them. USA patent 7,860,914,
2010.

31. Ya.D. Sergeyev. Counting systems and the First Hilbert problem. Nonlinear Anal-
ysis Series A: Theory, Methods & Applications, 72(3-4):1701–1708, 2010.

32. Ya.D. Sergeyev. Lagrange Lecture: Methodology of numerical computations with
infinities and infinitesimals. Rendiconti del Seminario Matematico dell’Università
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47. A. Žilinskas. On strong homogeneity of two global optimization algorithms based
on statistical models of multimodal objective functions. Applied Mathematics and
Computation, 218(16):8131–8136, 2012.


